Abstract. We give a new Banach module characterization of W * -modules, also known as selfdual Hilbert C * -modules over a von Neumann algebra. This leads to a generalization of the notion, and the theory, of W * -modules, to the setting where the operator algebras are σ-weakly closed algebras of operators on a Hilbert space. That is, we find the appropriate weak* topology variant of our earlier notion of rigged modules, and their theory, which in turn generalizes the notions of C * -module, and Hilbert space, successively. Our w * -rigged modules have canonical 'envelopes' which are W * -modules. Indeed, w * -rigged modules may be defined to be a subspace of a W * -module possessing certain properties.
Introduction and Notation
A W * -module is a Hilbert C * -module over a von Neumann algebra which is selfdual, or, equivalently, which has a predual (see e.g. [23, 14, 11] ). These objects were first studied by Paschke, and then by Rieffel [21, 22] (see also e.g. [10, Section 8.7] for an account of their theory). They are by now a fundamental object in C * -algebra theory and noncommutative geometry, being intimately related to Connes' correspondences for example (see e.g. [1] for the relationship). W * -modules have many characterizations; the one mentioned in our title characterizes them in the setting of Banach modules in a new way. This in turn leads us to generalize the notion of 'W * -module' to the setting of modules over a dual operator algebra (by which we mean a σ-weakly closed algebra of operators on a Hilbert space). The new class of modules we call w * -rigged modules. These are the appropriate weak* topology variant of our earlier notion of rigged modules (see e.g. [2, 12, 3, 6] ), which in turn generalizes the notions of Hilbert C * -modules and Hilbert space, successively. W * -rigged modules will have an extensive theory, we will only present the basics here. Our main motivation for this project is that many ideas in the W * -module theory, such as 'induced representations', are beautiful and fundamental, and thus should be important in a larger context. We also wished to enlarge the universe in which W * -modules reside and act. In addition, one obtains many theorems reprising basic facts from the theory of rings and modules, but which only make sense for modules satisfying our definition (for example because direct sums are problematic for general operator modules).
Our theory utilizes several pretty ideas from operator space theory. For example, our theory of the space of left multipliers M ℓ (X) of an operator space X (see e.g. [10, Chapter 4] ), plays a considerable role in our paper. Indeed the absence of this tool, and also of a recently introduced module tensor product [17] (see also [8, (see [10, 2.7 .4 (5)]); for example defining a module over a nonunital algebra M to be w * -rigged if it is w * -rigged over M 1 ). By well known duality principles, any w * -closed subalgebra of B(H), is a dual operator algebra. Conversely, for any dual operator algebra M , there exists a Hilbert space H and a w * -continuous completely isometric homomorphism π : M → B(H) (see e.g. [10, Theorem 2.7.9] ). Then the range π(M ) is a w * -closed subalgebra of B(H), which we may identify with M in every way.
For cardinals or sets I, J, we use the symbol M I,J (X) for the operator space of I × J matrices over an operator space X, whose 'finite submatrices' have uniformly bounded norm. We set C w J (X) = M J,1 (X) and R w J (X) = M 1,J (X); and these are written as C n (X) and R n (X) if J = n is finite.
A concrete left operator module over an operator algebra A, is a linear subspace X ⊂ B(K, H), such that π(A)X ⊂ X for a completely contractive representation π : A → B(H). An abstract operator A-module is an operator space X which is also an A-module, such that X is completely isometrically isomorphic, via an A-module map, to a concrete operator A-module. Similarly for right modules, or bimodules. Most of the interesting modules over operator algebras are operator modules, such as Hilbert C * -modules (the operator space structure on a C * -module is the one it receives as a subspace of its linking C * -algebra-see e.g. [10, Section 8.2] ). A normal Hilbert module over a dual operator algebra M is a pair (H, π), where H is a (column) Hilbert space (see e.g. 1.2.23 in [10] ), and π : M → B(H) is a w * -continuous unital completely contractive representation. We shall call such π a normal representation of M . The module action is given by m · ζ = π(m)ζ.
A concrete dual operator M -N -bimodule is a w * -closed subspace X of B(K, H) such that θ(M )Xπ(N ) ⊂ X, where θ and π are normal representations of M and N on H and K respectively. An abstract dual operator M -N -bimodule is defined to be a non-degenerate operator M -N -bimodule X, which is also a dual operator space, such that the module actions are separately weak* continuous. Such spaces can be represented completely isometrically as concrete dual operator bimodules, and in fact this can be done under even weaker hypotheses (see e.g. [10, 11, 15] ). Similarly for one-sided modules (the case M or N equals C). We use standard notation for module mapping spaces, e.g. CB(X, N ) N (resp. w * CB(X, N ) N ) are the completely bounded (resp. and w * -continuous) right N -module maps from X to N . Any normal Hilbert M -module H (with its column Hilbert space structure H c ) is a left dual operator M -module. In a couple of proofs, we will assume that the reader is familiar with the theory of multipliers of an operator space X (see e.g. [10, Chapter 4] ). We recall that the left multiplier algebra M ℓ (X) of X is a collection of certain operators on X, which are weak* continuous if X is a dual operator space [11] . Indeed, in the latter case, M ℓ (X) is a dual operator algebra.
A bilinear map u : X × Y → Z is M -balanced if u(xm, y) = u(x, my) for m ∈ M , and completely contractive if it corresponds to a linear complete contraction on X ⊗ h Y . We use the normal module Haagerup tensor product ⊗ σh M throughout the paper, and its universal property from [17] , which loosely says that it 'linearizes completely contractive M -balanced separately weak* continuous bilinear maps': Every completely contractive separately weak* continuous M -balanced map u : X × Y → Z, induces a completely contractive weak* continuous complete contraction X ⊗ σh M Y → Z. We also assume that the reader is familiar with notation and facts about ⊗ 
W * -modules
We begin this section with a useful lemma:
Lemma 2.1. Let {H α } be a collection of Hilbert spaces (resp. column Hilbert spaces) indexed by a directed set. Let Y be a dual Banach space (resp. dual operator space). Suppose there exist w * -continuous contractive (resp. completely con-
Then Y is a Hilbert space (resp. column Hilbert space). The inner product on Y is y, z = lim α φ α (y), φ α (z) , for y, z ∈ Y .
Proof. The proof that Y is a Hilbert space (resp. column Hilbert space) follows by the ultraproduct argument in Theorem 3.10 in [8] . For the last assertion, we will show first that φ α (y) 2 → y 2 . Then by the polarization identity, it follows that y, z = lim α φ α (y), φ α (z) as desired. Suppose there exists a subnet (φ αt (y)) such that φ αt (y) 2 → β. We need to prove that β = y 2 . Clearly β ≤ y 2 . If β < K < y 2 , then there exists a t 0 , such that, φ αt (y) 2 ≤ K for all t ≥ t 0 . This
w * → y, by Alaoglu's theorem we deduce that y 2 ≤ K, which is a contradiction.
We now generalize the notion of W * -modules to the setting where the operator algebras are σ-weakly closed algebras of operators on a Hilbert space. The following is the 'weak* topology variant' of the notion of rigged module studied in [2, 12, 3, 6] (the last paper has the most succinct definition of these objects, and [3] is a survey). In Section 4 we will prove several equivalent, but quite different looking, characterizations of w * -rigged modules.
Definition 2.2. Suppose that Y is a dual operator space and a right module over a dual operator algebra M . Suppose that there exists a net of positive integers (n(α)), and w * -continuous completely contractive M -module maps φ α : Y → C n(α) (M ) and ψ α : C n(α) (M ) → Y , with ψ α (φ α (y)) → y in the w * -topology on Y , for all y ∈ Y . Then we say that Y is a right w * -rigged module over M .
It will require some nontrivial analysis to develop the theory of these modules from the definition given above, just as is the case in the norm topology variant, where one needs a deep theorem of Hay and other results [6] . We begin by noting that an argument similar to that in the last few lines of the proof of Lemma 2.1, and using basic operator space duality principles, shows that for a w * -rigged module Y , 
] may be written as a weak* limit of a product of two matrices, the latter product having norm ≤ T y . Applying Alaoglu's theorem gives z ≤ T y , as desired.
The final assertion now follows from [10, Lemma 4.7.5]. However, for any m ∈ N, we have from facts in [8] that Henceforth in this section, we stick to the case that M is a W * -algebra. The following is the 'Banach-module' characterization of W * -modules promised in our title. The result may be compared with e.g. [10, Corollary 8.5 .25].
Theorem 2.5. Let M be a W * -algebra.
(i) If Y is a dual Banach space and a right M -module, then Y is a W * -module if and only if there exists a net of integers (n(α)), and w * -continuous con-
(ii) If the conditions in (i) hold, then the weak For the other direction in (iii), we follow the proof on p. 286-287 in [4] . Let φ α and ψ α be as in Definition 2.2. We write the kth coordinate of φ α as x 
Then it is easily checked (or see Subsection 3.1 for this in a more general setting), that Φ and Ψ are weak* continuous complete isometries.
Let
It follows by the last assertion of Theorem 2.4 that e α → I K WOT in B(K). By a similar argument to that of Theorem 4.4 in [8] , we can rechoose the net (e α ) such that e α → I strongly on K. Continuing to follow the proof in [4] , one can deduce by a small modification of the argument there, that the adjoint of any Φ(y) ∈ Φ(Y ) is a weak
, and hence is in M , being a weak * -limit of terms in M . Define y, z = Φ(y) * Φ(z) for y, z ∈ Y . As in [4] , Y is a C * -module over M and the canonical C * -module matrix norms coincides with the operator space structure of Y , since Φ is a complete isometry on Y . Since Φ is w * -continuous, it follows that the inner product on Y is separately w * -continuous. Hence Y is a W * -module, by e.g. Lemma 8.5.4 in [10] . This completes the proof of (iii).
The hypothesis in (i) implies, as in the proof of (2.1), that y = sup α φ α (y) for each y ∈ Y . Then we may use (2.1) as the definition of an operator space structure on Y . This corresponds to an embedding of Y as a submodule of ⊕ ∞ α C nα (M ), which is easily seen to be weak* continuous and hence a weak* homeomorphism. Thus Y becomes a dual operator module, and (i) and (ii) then follow from the proof for (iii), as in [4] , but replacing limits by weak* limits.
Remark. Shortly after this paper was first distributed, during conversations with Jon Kraus we found a different proof of part of the last result [9] . We also thank Marius Junge for some answers to our question as to whether one could find a third proof using ultrapowers. It seems that such a proof may be more complicated than the others.
By a weak* approximate identity in a unital dual Banach algebra M , we mean a net {e t } in M such that e t w * → 1. A weak* iterated approximate identity for M is a doubly indexed net {e (α,β) } (where β and the directed set indexing β may possibly depend on α), such that for each fixed α, the weak * -limit w * lim β e (α,β) exists, and w * lim α w * lim β e (α,β) = 1.
Lemma 2.6. A weak* iterated approximate identity for a dual Banach algebra may be reindexed to become a weak* approximate identity.
Proof. This is a variant of the idea of the proof of [2, Lemma 2.1], and we leave it to the reader. The main new feature is that one has to 'build in' finite subsets of M * into the tuples that constitute the elements of the new directed set.
Theorem 2.7. Let {Y i } be a collection of W * -modules over a W * -algebra M , indexed by a directed set. Let Y be a dual Banach space (resp. dual operator space) and a right module over M . Suppose that there exist w * -continuous contractive (resp. completely contractive) M -module maps
* -module (resp. a W * -module with its canonical dual operator space structure). For y, z ∈ Y , the limit w * lim i φ i (y), φ i (z) exists in M and equals the W * -module inner product y, z .
Proof. As in Theorem 2.5, one can focus on the operator space version. For each
M over the new directed set coincides with the iterated weak
, which equals I Y . This gives a new asymptotic factorization of I Y through spaces of form C n (M ) with respect to which Y is w * -rigged. Hence by Theorem 2.5, Y is a W * -module, with the inner product
where the limit is taken over the new directed set. Carefully inspecting the directed set used in Lemma 2.6 (a variant of the one used in [2, Lemma 2.1]), it is easy to argue (and is left as an exercise) that the last inner product equals
Remark. The same proof as the above establishes the analogue of the last result, but for a dual operator module Y over a unital dual operator algebra M , taking the Y i to be w * -rigged modules over M , and the φ i , ψ i completely contractive (the conclusion being that Y is w * -rigged).
Proof. We will use facts and routine techniques from e.g. [15] 
where a is the row with αth entry T (e α ), and g : Y → C I (M ) has αth entry the function e α , · . Thus T is the composition of 'left multiplication' by a ∈ R I (Z), and g, both of which are weak* continuous (see e.g. the proof of [10, Corollary 8.
5.25]). Thus w
, since we prove a more general result in Theorem 3.5.
Corollary 2.9. In the situation of the last theorem, the tensor products ⊗ σh M occurring there coincide with Magajna's 'extended' module Haagerup tensor product ⊗ hM used in [5] .
It follows that in all of the results in [5] , all occurrences of the 'extended' module Haagerup tensor product⊗ hM may be replaced by the 'normal module Haagerup tensor product' ⊗ σh M . This is interesting, since in many of these results this tensor product also coincides with the most important and commonly used tensor product for W * -modules, the 'composition' (or 'fusion') tensor product Y ⊗ θ Z. Thus our results gives a new way to treat this famous 'composition tensor product' (see also [13] ). Both tensor product descriptions have their own advantages:⊗ hM allows one to concretely write elements as infinite sums of a nice form, whereas ⊗ σh M has many pleasant general properties (see [17, 8] ).
Many tensor product relations from [5] transfer to our setting. For example:
Corollary 2.10. Let Y , Z be right W * -modules over M and N respectively, and suppose that θ :
Y completely isometrically and weak* homeomorphically.
Proof. The first assertion is discussed above (following from Theorem 2.8 and [5] ). For the second, just as in the proof of this result from [5] , Theorem 2.8 gives [8, 17] ).
Similarly, Theorem 2.8 (twice) and associativity of the tensor product, gives: 3. Some theory of w * -rigged modules 3.1. Basic constructs. We begin with some notation and important constructs which will be used throughout the rest of our paper. For a w * -rigged module Y over a dual operator algebra M , defineỸ to be w * CB(Y, M ) M . Let φ α and ψ α be as in Definition 2.2. We write the kth coordinate of φ α as x 
corresponds to a separately weak* continuous complete contractionỸ × K c → H c . The map Ψ is precisely the induced weak* continuous complete contractionỸ → B(K, H). We leave it as an exercise that Ψ is a complete isometry.
We define the direct sum M ⊕ c Y as in [8, Section 4] . Namely, θ : M ⊕ Y → B(H, K ⊕ H) defined by θ((m, y))(ζ) = (mζ, y ⊗ M ζ), for y ∈ Y, m ∈ M, ζ ∈ H, is a one-to-one M -module map, which is a weak* continuous complete isometry when restricted to each of Y and M . We norm M ⊕ c Y by pulling back the operator space structure via θ, then M ⊕ c Y may be identified with the weak * -closed right M -submodule Ran(θ) of B(H, H ⊕ K); and hence it is a dual operator M -module. Since w * CB(M ⊕ c Y ) M is a dual operator algebra, it is easy to see that its '1-2-corner'Ỹ is a dual right module over its 2-2-corner w * CB(Y ). We have already essentially seen the last part. Proof. This is easy, using the above and the ideas in [2, 12] , and routine weak* topology principles.
We say that a map T : Y → Z between w * -rigged modules over M is adjointable if there exists S :Z →Ỹ such that (w, T y) = (Sw, y) for all y ∈ Y, w ∈Z. The properties of adjointables in the first three paragraphs of p. 389 of [2] hold in our setting too. Moreover by Corollary 3.3 and the definition ofỸ we have: Proposition 3.4. A completely bounded module map between w * -rigged modules over M is adjointable iff it is weak* continuous. 
This endows N = Y ⊗ σh MỸ with a separately weak* continuous completely contractive product, so that by [10, Theorem 2.7.9], we have that N is a dual operator algebra. We now show that N is unital. As in [12, 2] , the elements v α = n(α) k=1 y α k ⊗ x α k are in Ball(N ), and for any y ∈ Y, x ∈Ỹ we have in the product above the theorem,
weak* in N . If v αt → v is a weak* convergent subnet, then by the last centered formula we have v(y ⊗x) = y ⊗x, and it follows that vu = u for all u ∈ N . Similarly uv = u. We deduce from this that N has an identity of norm 1. Since such an identity is unique, we must have v α → 1 N weak*. 
induces a separately weak* continuous complete contraction m :
Thus m(u, 1 N ) = u for any u ∈ W , and so m(u, v α ) → u weak*.
. This is a weak* continuous complete contraction. We have µ α (θ(z ⊗ x)) = z ⊗ xψ α φ α = m(z ⊗ x, v α ) → z ⊗ x weak* for any z ∈ Z, x ∈Ỹ . From the equality in the last line, and weak* density, we have for all u ∈ W that µ α (θ(u)) = m(u, v α ). The latter, by the fact at the end of the last paragraph, converges to u. Since µ α (θ(u)) ≤ θ(u) it follows from Alaoglu's theorem that θ is an isometry. Similarly, θ is a complete isometry. Since it is weak* continuous, θ has weak* closed range, and is a weak* homeomorphism. Since θ(µ α (T )) → T weak* if T ∈ B(Y, Z), we have now proved that Ran(θ) = B(Y, Z). Note that in the case when Z = Y we have that θ is a homomorphism, because it is so on the weak* dense subalgebra Y ⊗Ỹ . Corollary 3.6. If Y is a right w * -rigged module over M , Z is a right dual operator M -module, and I, J are cardinals/sets, then
(1) follows easily from the theorem as on p. 391 in [2] . One should also use the fact that C w J (Y ) = R w I (Ỹ ) ∼ =Ỹ ⊗ σh R I , which we leave to the reader. (2) and (3) are immediate from (1).
Remark. During conversations with Jon Kraus we were able to deduce from Theorem 3.5 that if Y is a w * -rigged module over M and Z 1 , Z 2 are left dual operator M -modules, and if S t → S weak* in w
See [9] for details. This allows one to complete the 'easier direction' of the analogue of one of Morita's famous theorems: dual operator algebras algebras are weak* Morita equivalent iff their categories of dual operator modules are appropriately functorially equivalent. The 'difficult direction' appears in [19] .
3.2. The weak linking algebra, and its representations. If Y is a w * -rigged module over M , withỸ , set
with the obvious multiplication. As in [8, Section 4] , one may easily adapt the proof of the analogous fact in [12] to see that there is at most one possible sensible dual operator space structure on this linking algebra. Thus the linking algebra with this structure must coincide with B(M ⊕ c Y ). Another description proceeds as follows. Let H be any Hilbert space on which M is normally and completely isometrically represented, and set K = Y ⊗ 
However it is easy to see from the fact that T ψ α φ α → I Y weak*, that the span of such y ⊗ f is weak* dense in w * CB(Y ) M , and it follows that θ maps into a weak* dense subset of N . Clearly µ(θ(y ⊗ f )) = y ⊗ f , and so µ • θ = I. Thus θ is a complete isometry, and the proof is completed by an application of the Krein-Smulian theorem.
3.3.
Tensor products of w * -rigged modules. If Y is a right w * -rigged module over M , and if Z is also a right w * -rigged module over a dual operator algebra R, and if Z is a left dual operator M -module, then Y ⊗ In fact the weak* variants of all the theorems in Section 6 of [2] are valid (and we will perhaps present these elsewhere). In next subsection, we merely focus on 6.8 from that paper, which we shall need at the end of the next section. 
Thus every w * -rigged module over M is a weak* closed M -submodule of a W * -module over R. Usually we assume that R is generated as a W * -algebra by M . Similarly, it is easy to see thatỸ is a weak* closed left M -submodule of R⊗ The W * -dilation is studied in a more general setting in [19, 18] .
3.5. Direct sums. If Y is a w * -rigged module over M , and if P ∈ B(Y ) is a contractive idempotent, then it is easy to see from the Remark after Theorem 2.7, that P (Y ) is a w * -rigged module over M , called an orthogonally complemented submodule of Y .
As in the discussion at the top of p. 409 of [2] , if {Y k } k∈I is a collection of w * -rigged modules over M , and if
* -module direct sum (see [21] or [10, 8.5 .26]). A key principle, which is used all the time when working with this direct sum, is the following. Consider the directed set of finite subsets ∆ of I, and for z ∈ ⊕ c k∈I E k , write z ∆ for the tuple z, but with entries z k switched to zero if k / ∈ ∆. Then (z ∆ ) ∆ is a net indexed by ∆, which converges weak* to z. For example, it follows from this principle that ⊕ ·) , as in the discussion above Theorem 3.5, then this (dual operator) algebra has an identity of norm 1. We also assume that the canonical actions of N on Y and on X are non-degenerate (that is, 1 N y = y, x1 N = x for y ∈ Y, x ∈ X).
Again, clearly any w * -rigged module in the earlier sense, satisfies the conditions in the last paragraph, by Theorem 3.5 and the remarks above it. Conversely, suppose that X, Y, (·, ·) are as in the last paragraph; we shall verify the conditions of Definition 4.2. It is by-now-routine to see that X, Y are dual operator modules over N . To see that (·, ·) is N -balanced, one shows that for x ∈ X, y ∈ Y , the two weak* continuous functions (x, · y) and (x · , y) on N , are equal on the weak* dense subset Y ⊗ X of N . The rest is obvious.
Fourth description of w
* -rigged modules. Let M, N be weak* closed unital subalgebras of B(H) and B(K) respectively, for Hilbert spaces H, K, and let X ⊂ B(K, H), Y ⊂ B(H, K) be weak* closed subspaces, such that the associated subset L of B(H ⊕ K) is a subalgebra of B(H ⊕ K), for Hilbert spaces H, K. This is the same as specifying a list of obvious algebraic conditions, such as XY ⊂ M . Assume in addition that the weak* closure N in B(K) of Y X, possesses a net (e t ) with terms of the form yx, for x ∈ Ball(C n (X)) and y ∈ Ball(R n (Y )), such that e t → 1 N weak*.
That every w * -rigged module Y is essentially of this form, follows by replacing Y andỸ by Φ(Y ) and X = Ψ(Ỹ ) respectively, and looking at the weak linking algebra L w at the end of Section 3.2. Let e α = n(α)
It is easy to check that e α Φ(y) = Φ(ψ α φ α y), hence e α Φ(y) w * → Φ(y) for all y ∈ Y . Hence e α (y ⊗ ζ) → y ⊗ ζ weak* in K for all y ∈ Y, ζ ∈ H. It follows by the last assertion of Theorem 2.4 that e α → I K WOT in B(K). This gives the condition in the last paragraph. Conversely, given the setup in the last paragraph, we will verify the conditions of Definition 4.2. The canonical map θ : Y ⊗ σh X → N is completely contractive and weak* continuous, we need to show it is a quotient map. If T ∈ Ball(N ), and if we write the x and y in the last paragraph as
On the other hand, θ(u t β ) = T e t β → T weak*. So T = θ(u), so that θ is a quotient map.
Fifth definition of a w
* -rigged module. Let R be a W * -algebra containing M as a weak* closed subalgebra with 1 R = 1 M , and suppose that Z is a right W * -module over R, and that Y is a weak* closed M -submodule of Z. Define W = {z ∈ Z : z|y ∈ M }, and set N to be the weak* closure in B(Z) R of the span of terms of the form |y w| for y ∈ Y, w ∈ W (here |y w| is the obvious 'rank one' operator z → y w, z on Z. Suppose that there is a net (e t ) converging to I Z weak* in B(Z), with terms of the form e t = n k=1 |y k w k |, where y k ∈ Y, w k ∈ W with n k=1 |y k y k | ≤ 1 and n k=1 |w k w k | ≤ 1. We claim that under the hypotheses in the last paragraph, Y is w * -rigged,Ỹ = {w ∈Z : w ∈ W }, and B(Y ) M ∼ = N . To see this, we follow the proof of [2, Theorem 5.10], working inside the linking W * -algebra L w (Z) for Z, where all inner products and module actions become concrete operator multiplication. Note first that W is a weak* closed right M * -submodule of Z, and hence X = W * is a weak* closed phrase '(strong) Morita context' replaced by '(P)-context' (see [12, p. 20] ). An adaption of the proof of [8, Corollary 3.4] shows that weakly rigged modules are w * -rigged. One may then show that any weakly rigged module pair (Y, X) arises as a weak* closure of a rigged module situation, just as in Example (2) after Definition 3.2 of [8] , but dropping the requirement on the cai for A there. This proceeds by showing that the linking algebra for the 'subcontext' is a weak* dense subalgebra of the weak linking algebra for (Y, X) (this uses 6.10 in [2] , see the argument above 4.1 in [8] ). (8) Let Z be any WTRO (see (1)), and suppose that Z * Z is contained in a dual operator algebra M . Then Y = ZM w * is a w * -rigged M -module. We call this example a WTRO-rigged module. We also haveỸ ∼ = M Z * w *
. To see all this, denote the last space by X, and set N to be the weak* closure of ZM Z * , a dual operator algebra containing ZZ * . If (e t ) is the usual approximate identity for ZZ * with terms of the form n k=1 z k z * k , then it is routine to see that (e t ) converges weak* to an identity 1 N for N . Now it is easy to check that M, Y, X, N satisfy Definition 4.4, and we are done.
We remark that the above is a generalization of Eleftherakis' recent notion of TRO-equivalence (see e.g. [16, 17] ). Indeed, a WTRO-rigged module gives a TRO-equivalence of M and N iff the identity e of the weak* closure of Z * Z is 1 M . For the most difficult part of this, note that if the latter holds, and if f s → e weak* with f s ∈ Z * Z, then any m ∈ M is an iterated weak* limit of the f s mf s ′ , and it follows that M equals the weak* closure of Z * N Z. (9) The selfdual rigged modules over a dual operator algebra M , considered at the start of the last section in [11] , together with their unique dual space structure making (·, ·) separately weak* continuous (see [11, Lemma 5 .1]), are w * -rigged. Indeed it is easy to see from the last mentioned continuity that Definition 2.2 is satisfied.
In [9] we prove that classes (5) and (8) above coincide, and also equal the w * -rigged module direct sums of modules of the form p i M , for projections p i ∈ M . This is the analogue of a famous theorem due to Paschke (see [21] or [10, Corollary 8.5 .25]). We call these projectively w * -rigged modules. We show that they constitute a proper subclass of the w * -rigged modules, and that they have some strong properties. For example, if Y is a weak* Morita equivalence M -N -bimodule, over dual operator algebras M and N , which is both left and right projectively w * -rigged, then M and N are stably isomorphic (that is, M I (M ) ∼ = M I (N ) completely isometrically for some cardinal I). This is a reprise of the main result of [17] .
